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The implementation of non-classical light sources is becoming increasingly important for various
quantum applications. A particularly interesting approach is to integrate such functionalities on
a single chip as this could pave the way towards fully scalable quantum photonic devices. Several
approaches using dielectric systems have been investigated in the past. However, it is still not un-
derstood how on-chip nanoplasmonic antennas, interacting with a single quantum emitter, affect
the quantum statistics of photons reflected or transmitted in the guided mode of a waveguide. Here
we investigate a quantum photonic platform consisting of an evanescently coupled nanoplasmonic
cavity-emitter system and discuss the requirements for non-classical light generation. We develop an
analytical model that incorporates quenching due to the nanoplasmonic cavity to predict the quan-
tum statistics of the transmitted and reflected guided waveguide light under weak coherent pumping.
The analytical predictions match numerical simulations based on a master equation approach. It
is moreover shown that for resonant excitation the degree of anti-bunching in transmission is maxi-
mized for an optimal cavity modal volume Vc and cavity-emitter distance s. In reflection, perfectly
anti-bunched light can only be obtained for specific (Vc, s) combinations. Finally, our model also
applies to dielectric cavities and as such can guide future efforts in the design and development of
on-chip non-classical light sources using dielectric and nanoplasmonic cavity-emitter systems.
INTRODUCTION
It has been a long-standing goal in optical science to
implement nonlinear effects at the few-photon level. In
this regime, individual photons interact so strongly with
one another that the propagation of light pulses contain-
ing few photons varies substantially with photon number.
The strong dependence of light propagation on photon
number for example allows the sorting or non-destructive
counting of photons which could be used to implement
various sources of non-classical light fields. [1, 2] One
route to reach the quantum regime consists of coupling
light to individual quantum emitters. [3] The interaction
between a single photon and a single quantum emitter
is in general however relatively weak and hence makes
the implementation of such quantum interconnects quite
challenging. [4] A particularly interesting approach is to
route photons on photonic integrated circuits and inter-
face them with on-chip quantum emitters as this allows
integration of many functionalities on a single chip and
hence paves the way towards truely scalable quantum de-
vices. [5, 6] Several reports have investigated the interac-
tion between quantum emitters and dielectric (Ref. [7–
16]) and plasmonic (Ref. [5, 17–23]) cavities and waveg-
uides. Moreover, many theoretical investigations have
been devoted to the interaction between quantum emit-
ters and dielectric waveguides either without (Ref. [7, 8])
or with (Ref. [4, 9, 10]) intermediate coupling to a dielec-
tric cavity, as well as on emitters coupled to plasmonic
cavities (Ref. [5, 21–23]) and waveguides (Ref. [17–19]).
Recently, the quantum statistics of photons scattered by
a plasmonic nanocavity strongly coupled to a mesoscopic
emitter ensemble was investigated under coherent pump-
ing of the system. [25] However, the latter study did
not incorporate plasmonic quenching nor the effect of
coupling the cavity-emitter system to a nearby dielectric
waveguide. As such, an outstanding question concerns
how on-chip nanoplasmonic antennas, interacting with a
single quantum emitter, affect the quantum statistics of
photons reflected or transmitted in the guided mode of
the waveguide. In this paper we will present a general
quantum photonic model of evanescently coupled cavity-
emitter systems and investigate the requirements for non-
classical light generation using integrated nanoplasmonic
cavities. Our model shows excellent correspondence with
numerical simulations and as such allows accurate pre-
dictions of the photon statistics generated in the guided
mode of a waveguide, coupled to a nanoplasmonic cavity-
emitter system.
MODEL
The quantum photonic platform under investigation is
shown in Fig. 1. It consists of a dielectric nanopho-
tonic waveguide supporting a 1D continuum of left and
right traveling modes which are characterized by the op-
erators lk and rk respectively (lk and rk annihilate a
left- or right- traveling photon with wavenumber k =
ωk/c). These modes interact evanescently with a plas-
monic cavity-emitter system, consisting of a cavity with
resonance frequency ωc (frequency of the fundamental
mode), and a two-level quantum emitter which has a
frequency difference ωe between its ground |g〉 and ex-
cited |e〉 state (Sz = 1/2 (|e〉 〈e| − |g〉 〈g|), S+ = |e〉 〈g|,
S− = |g〉 〈e|). The intrinsic cavity linewidth γc is de-
termined by the radiative decay rate to the non-guided
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FIG. 1. Quantum photonic platform. The waveguide
(gray) supports a 1D continuum of modes, carrying the ex-
citation beam aIN (at frequency ωL) as well as the reflected
(aR) and transmitted (aT ) beam, and interacts evanescently
with a cavity-emitter system. All coupling rates and frequen-
cies are explained in the main text. The inset shows the
case for a nanoplasmonic cavity-emitter system consisting of
a spherical metallic nanoparticle with radius R and an emitter
at a distance s = ξR from the metal surface.
modes (γrad) and the absorption decay rate (γabs), i.e.
γc = ωc/(2Q) = γrad + γabs, where Q is the unloaded
quality factor. The overall linewidth γp = γc + κ also in-
corporates the coupling rate κ between the cavity mode
(characterized by the operator p, annihilating a cavity ex-
citation) and the waveguide mode. The coupling strength
between the emitter and the cavity is given by Ω. For di-
electric cavities the emitter decay rate γe is approximated
by the decay rate of a dipole emitter in a background di-
electric with index nd, i.e. γe = γd = γ0
√
d = γ0nd with
γ0 =
8pi2
3h¯0
|d|2
λ3 , where d is the dipole moment vector of
the emitter. For plasmonic cavities, γe contains an ad-
ditional contribution due to non-radiative quenching by
higher order plasmon modes, as shown in Ref. [26], i.e.
γe = γd + Ω
2fq with
fq =
∞∑
l=2
(
(2l + 1)(l + 1)2
12l(1 + ξ)2l−2
)(
γc
(ωL − ωl)2 +
(
γc
2
)2
)
,
(1)
where ωl is the resonance frequency of the l−th plasmon
mode, assuming a spherical nanoplasmonic cavity with
radius R and an emitter positioned at a distance s = ξR
from the metal surface, and ωL the frequency by which
the system is driven. For this particular case, the cavity-
emitter coupling strength Ω =
√
9pic3γ0
2dω2p(1+ξ)
6Vc
, while the
coupling rate between the cavity and the waveguide is
κ =
2χκω4cdeffVc
pi2c3wg
, with ωp the plasma frequency of the
metal, χκ a factor containing the overlap between the
electric fields of the waveguide and the cavity, eff the
relative effective dielectric permittivity of the waveguide
mode, wg the relative permittivity of the waveguide core
and Vc =
piR3
d
the cavity modal volume. [26]
The Hamiltonian of this quantum photonic platform is
given by
H = h¯ωeSz + h¯ωcp†p+ h¯Ω
(
pS+ + p
†S−
)
+ h¯
∫
dkωkl
†
klk + h¯
∫
dkωkr
†
krk +Hdrive
+ h¯gwg
∫
dk
(
l†kp+ lkp
†
)
+ h¯gwg
∫
dk
(
r†kp+ rkp
†
)
.
It includes the free Hamiltonian of the emitter, cavity
and waveguide modes as well as the interaction between
the emitter and the cavity and the interaction between
the cavity and waveguide modes. The coupling constant
between the cavity and the waveguide modes is gwg =√
cκ
4pi . [8] Finally, Hdrive represents the coherent input
driving field,
Hdrive = h¯Fp†e−iωLt + h¯F¯ peiωLt (2)
oscillating at a frequency ωL. The coherent driving field
strength F can be related to the input field aIN by con-
sidering that the coupling between the continuum of for-
ward (right) propagating waveguide modes and the cavity
is given by
h¯gwg
∫
dkr†kp+ h.c. ≡ h¯F¯ p+ h.c.⇒ F = gwg
∫
dkrk(t0)
(3)
and that the input field aIN is just the initial field at
t = t0, i.e. aIN =
√
2pi
−1 ∫
dkrk(t0), which can be ob-
tained by formally solving the Heisenberg equations for
the system operators. Hence aIN =
F√
2pigwg
=
√
2
cκF .
To incorporate all loss channels, we model the overall
platform using a master equation in a frame rotating at
ωL (see Supplementary Information)
dρ
dt
= − i
h¯
[Hrot, ρ] + γp
2
(
2pρp† − p†pρ− ρp†p)+
γe
2
(2S−ρS+ − S+S−ρ− ρS+S−) (4)
whereHrot = h¯δeSz+h¯δcp†p+h¯Ω
(
pS+ + p
†S−
)
+h¯Fp†+
h¯F¯ p with δe = ωe − ωL and δc = ωc − ωL.
When solving the stationary Heisenberg equations in a
frame rotating at the drive frequency ωL (Ref. [7, 9]), the
average value of the operators (〈Ψ|p|Ψ〉 ∆= p, 〈Ψ|S−|Ψ〉 ∆=
s−, 〈Ψ|Sz|Ψ〉 ∆= sz) is approximately given by
p = −iΩτs− − iτ
√
cκ
2
aIN (5)
s− =
βτΩ
√
2cκaIN
1 + Ω2βτ
sz (6)
sz = −1
2
(
1
1 + |aIN |
2
Pc
)
= −1
2
(
1
1 + x
)
(7)
3with 1τ = i(ωc − ωL) + κ2 + γc2 = iδc + γp2 , 1β = i(ωe −
ωL) +
γe
2 = iδe +
γe
2 , A =
βτΩ
√
2cκ
1+Ω2βτ and
Pc =
γe
Ω
√
2cκ= (iτA)− Ω2< (τ) |A|2 . (8)
Since the cavity is evanescently coupled to the waveguide
modes, the reflected aR and transmitted aT fields are
given by
aR = −i
√
κ
2c
p (9)
aT = aIN − i
√
κ
2c
p. (10)
The power reflection and transmission coefficients are re-
spectively given by R = |r|2 = | aRaIN |2 and T = | aTaIN |2 =
|1+r|2. In the remainder of this paper we assume to work
in the weak probe limit, i.e. when the input power is suf-
ficiently small such that |aIN |2  Pc implying x ≈ 0. In
this limit, we can derive simple analytical approximations
for the second order correlation functions g
(2)
T /R, as will
be shown further on. For all numerical calculations, we
assume a fixed coherent coupling strength F = 10−5ωc
in order to operate in the weak probe limit (in this paper
ωc ≈ 2960 THz corresponding to a free space wavelength
of 637 nm).
DISCUSSION
Using the above model, we now investigate the prop-
erties of the transmitted and reflected guided light for
a waveguide evanescently coupled to a spherical metal-
lic nanoparticle (Fig. 2). We assume that the cavity is
perfectly tuned with the emitter (δc = δe = δ). The
coupling rate between the cavity and the waveguide is
fixed to κ = 10γc (guaranteeing a coupling efficiency
of κ/(κ + γc) ≈ 91%). Since κ is fixed, the cavity
modal volume is fixed as well. Figures 2(a)/(b) and Fig-
ures 2(c)/(d) respectively show T /g(2)T (0) and R/g(2)R (0)
as a function of the detuning δ and emitter-cavity dis-
tance s (which basically tunes the cavity-emitter coupling
strength as Vc is already fixed by fixing κ). These plots
show that both for the transmitted and reflected case,
anti-bunched light is only observed near δ = 0. As op-
posed to dielectric cavities, where a strong anti-bunching
in transmission appears at one of the normal mode split-
ted frequencies ωL = ωc±δd (δd 6= 0), no photon blockade
effect appears for this system. This result stems from the
fact that for the given κ (which needs to exceed γc), Ω
can not be made large enough. Indeed, since κ > γc
to observe significant anti-bunching in transmission, the
radius of the nanoparticle (and by extension modal vol-
ume) needs to be large enough, which in turn makes Ω
smaller. One way to maintain a large κ without enlarging
the modal volume would be to increase the cavity polariz-
ability, e.g. by switching from spherical nanoparticles to
rod or bowtie antennas. The use of such cavities would
also result in an increased field enhancement (with re-
spect to a single spherical nanoparticle) in the gap near
the metal surface. If one used a nanoplasmonic cavity
with cavity polarizability 10 times larger than the one
for a spherical particle, while keeping κ = 10γc (imply-
ing a decrease in the modal volume by 100), and for which
field enhancement effects further increase Ω by a factor
100, this would result in an off-resonant anti-bunching in
transmission as shown in Fig.2(e-f). However, the pho-
ton blockade effect is in this case asymmetric with respect
to δ = 0 due to the Lorentzian lineshape functions ap-
pearing in fq. Photon blockade will at first only appear
when the probe wavelength is redshifted (i.e. δ > 0)
compared to the resonance wavelength of the fundamen-
tal plasmonic mode. Since {ωl − ω1 ≥ 0,∀l}, γe will first
increase if δ < 0 due to the reduced denominator in the
Lorentzian lineshape function of γe. Therefore a certain
minimum Ω is required to compensate for the increased
quenching effect in the relevant δ < 0 region. It is also
clear that the transmission of the strongly off-resonant
anti-bunched light is much smaller than the transmission
of the resonant anti-bunched light. Potential plasmonic
cavities that allow increased polarizability and field en-
hancement are e.g. double rod or bowtie antennas. [4, 9]
Moreover, quenching could be reduced by considering hy-
brid metal-dielectric cavities, as recently studied in Ref.
[29]. In reflection, a negligible anti-bunching is observed
for the spherical nanoplasmonic cavity and the given κ.
Since the anti-bunching in this case solely stems from the
light emitted by the quantum emitter and not from an
interference between the excitation beam and the emit-
ted light, the conditions are different. In reflection, κ
may be smaller than γc to obtain strong resonant anti-
bunching, as long as Ω satisfies Ω =
√
γe (γe + γp)/2
(see below). This condition results in a quadratic equa-
tion for Ω2 (because γe explicitly depends on Ω
2 through
γe = γd + Ω
2fq), yielding two specific solutions for Ω
around which strong resonant anti-bunching is obtained
(even if κ < γc).
We will now investigate the case of resonant excitation
in more detail. Since we assume to work in the weak
probe limit, the reflection and transmission coefficients
are given by:
R =
∣∣∣∣ κγp(1 + C)
∣∣∣∣2 (11)
T =
∣∣∣∣γc + Cγpγp + Cγp
∣∣∣∣2 , (12)
where C = 4Ω2γpγe is the cooperativity of the system. In this
limit, the Hilbert space used to evaluate the master equa-
tion can be truncated to states which have a maximum
of two excitations (either emitter or cavity excitations),
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FIG. 2. Properties of the transmitted (a-b)/(e-f) and reflected (c-d)/(g-h) guided light for (a-d) an integrated spherical
nanoparticle with Q = 15 at λc = 637 nm, κ = 10γc, γD = 1 GHz, eff = 2.56, wg = 4 (common values for a SiN waveguide),
χκ = 1 and (e-h) a nanoplasmonic cavity with an increased polarizability and field enhancement (as explained in the main
text). (a/e) T and (b/f) g(2)T (0) as a function of δc = δe = δ (γn = 3γp) and s. (c/g) R and (d/h) g(2)R (0) as a function of δ
and s. In order to incorporate quenching, we used 1000 higher order modes. All plots are on a log10 scale.
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FIG. 3. (a) Numerically calculated (dots) and theoretically
predicted (lines) values of T (left axis, red dots and blue line)
and g
(2)
T (right axis, orange dots and green lines) for δ =
0. (b) Same as (a) but for the reflected field. The other
parameter values are the same as for Fig. 2.
allowing us to derive analytical formulas for the second
order correlation function g(2)(0) as a measure for the
degree of anti-bunching. In the Supplementary Informa-
tion it is shown that in this limit the g
(2)
T /R(0) functions
on resonance are respectively given by
g
(2)
T (0) =
(1 + C)2
(
1 + 4Ω
2(γc+2(γe+κ))
γcγe(γe+γp)
+ 16Ω
4
γ2cγe(γe+γp)
)2
(
1 +
γp
γc
C
)4 (
1 + γeγe+γp C
)2
(13)
and
g
(2)
R (0) =
(
4Ω2 + γeγp
)2 (
γe (γe + γp)− 4Ω2
)2
γ4e (4Ω
2 + γp (γe + γp))
2 . (14)
Figures 3(a) and (b) respectively show the properties of
the transmitted and reflected light. The red and orange
dots present the respective numerically calculated T /R
and g
(2)
T (0)/g
(2)
R (0) while the blue and green solid lines
give the respective analytical predictions of T /R and
g
(2)
T (0)/g
(2)
R (0). Our data show a perfect correspondence
between the analytically predicted and numerical values.
As such the analytical formulas derived here can be used
to assess the degree of anti-bunching, in the weak probe
limit, for any cavity-emitter system evanescently coupled
to a waveguide (the formulas for off-resonant pumping
are given in the Supplementary Information as well). It
should be noted that these formulas hold for any Q cav-
ity, both dielectric and plasmonic.
Figure 4 shows the properties of the transmitted and
reflected light as a function of Vc (κ) and s (Ω for fixed
Vc). It is clear that in transmission, a maximum de-
gree of anti-bunching is obtained for an optimal cavity
modal volume Vc and cavity-emitter distance s. More-
over, anti-bunching can in general only be obtained when
κ > max(γc, γe). From the figure this is obvious for
κ > γc. However it also holds for κ > γe, e.g. for
dielectric cavities with very high Q it is possible that
γe > γ0. For plasmonic cavities, the modal volume will
generally be Q−factor limited due to the very high γc.
As such there is a minimum modal volume Vmin for the
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FIG. 4. Properties of the transmitted and reflected light for resonant excitation. (a) T and (b) g(2)T (0). The blue dashed line
marks κ = γc, the red dashed line κ = γe and the green dashed line Ω =
√
γeγc/2. (c) R and (d) g(2)R (0). The inset in (d) is
a slice of g
(2)
R (0) along a fixed s. All plots are on a log10 scale.
transmitted light to be anti-bunched, i.e.
Vc > Vmin = λ
3
c
(
wg
32piQχκdeff
)
. (15)
Interestingly, this lower bound Vmin equals to the opti-
mum modal volume required for single photon generation
when the system is initially pumped to the excited state
and the subsequent decay of the emitted light is observed.
[26] On the other hand, Ω should also be large enough to
observe anti-bunching, as evidenced by the green dashed
line in Fig. 4(b). When Ω becomes significantly smaller
than
√
γeγc/2, the light becomes coherent again. Thus
there is also an upper bound for the cavity modal volume
Vmax, depending on the quenching factor fq, i.e.
Vc < Vmax = λ
3
c
(
9Q(4− γcfq)
8pi2d(1 + ξ)6
)(
γ0ω
2
c
γdω2p
)
. (16)
As a result, similar to the case of pure single photon gen-
eration ([26]), it is only possible to generate non-classical
light in transmission if the modal volume stays within
the given bounds. As already highlighted in Ref. [26],
it is hence not always beneficial to aim for a minimal
cavity modal volume for non-classical light generation.
Despite the fact that the degree of anti-bunching can be
optimized, it is nevertheless impossible to achieve per-
fectly anti-bunched light in transmission. Bunching on
resonance is also not observed in transmission for the in-
vestigated platform.
However, in reflection, the situation is different and
perfectly anti-bunched light can be achieved for ΩoptR =√
γe (γe + γp)/2. The reflected light only exhibits non-
classical behaviour in a very narrow region around ΩoptR ,
requiring a precise alignment of the quantum emitter
with the cavity (Fig. 4(d)). Within the boundary set by
ΩoptR =
√
γe (γe + γp)/2, strong bunching is observed for
the smaller modal volumes and cavity-emitter distances.
Outside this boundary, the light is perfectly coherent.
The overall reflection of non-classical light is however
relatively low (Fig. 4(c)). Evaluating R at ΩoptR yields
Ropt =
(
κ
γe+2γc+2κ
)2
. For κ > max (γe, γc) the maxi-
mum reflection of a non-classical light state is achieved
and equals 25%.
CONCLUSION
We presented a general quantum photonic model of
evanescently coupled cavity-emitter systems and inves-
tigated the requirements for non-classical light genera-
tion using integrated nanoplasmonic cavities. We consid-
ered a spherical metallic nanoparticle as a model system
for the nanoplasmonic cavity because analytical formulas
can be derived for this specific case. However, the model
is generally applicable to any plasmonic (and dielectric)
cavity, where the system parameters then need to be ob-
tained from electromagnetic simulations. We derived an-
alytical formulas for the first and second order correla-
tion function in the weak probe limit, both for transmis-
sion and reflection, which showed excellent correspon-
dence with numerical simulations using a quantum mas-
ter equation approach. Moreover, we showed that non-
classical light generation for the considered nanoplas-
monic cavity-emitter system is only possible using res-
onant excitation and that photon blockade effects only
appear for nanoplasmonic cavities with increased polar-
izability and field enhancement compared to a spherical
metallic nanoparticle. This result stems from the intrin-
sic dependence of the effective emitter decay rate on the
cavity-emitter coupling strength, due to quenching ef-
fects near the plasmonic nanoparticle. Investigation of
resonant excitation in more detail showed that in trans-
mission the degree of anti-bunching is maximized for an
optimal cavity modal volume Vc and cavity-emitter dis-
tance s. In reflection, perfectly anti-bunched light can be
obtained for specific (Vc, s) combinations. The presented
model allows accurate predictions of the photon statis-
tics generated in the guided mode of a waveguide by an
integrated nanoplasmonic cavity-emitter system, driven
6by a weak coherent probe beam. These results inform
future efforts in the design and development of on-chip
non-classical light sources.
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SUPPLEMENTAL MATERIAL
Master equation derivation and numerical evaluation
Derivation
The waveguide supports a 1D continuum of left and
right traveling modes which are characterized by the op-
erators lk and rk, which respectively annihilate a left- or
right- traveling photon with wavenumber k = ωk/c. The
Hamiltonian of the quantum photonic platform is then
7given by
H = h¯ωeSz + h¯ωcp†p+ h¯Ω
(
pS+ + p
†S−
)
+ h¯
∫
dkωkl
†
klk + h¯
∫
dkωkr
†
krk +Hdrive
+ h¯gwg
∫
dk
(
l†kp+ lkp
†
)
+ h¯gwg
∫
dk
(
r†kp+ rkp
†
)
.
(17)
It includes the free Hamiltonian of both the emitter, the
cavity and the waveguide modes as well as the interaction
between the emitter and the cavity and the interaction
between the cavity and waveguide modes. The coupling
constant between the cavity and the waveguide modes is
gwg =
√
cκ
4pi . [1] The term Hdrive = h¯Fp† + h¯F¯ p rep-
resents the coherent driving field with strength F . The
Heisenberg equation for the rk and lk operators can be
formally solved using an approach similar to References
[1–3]:
rk(t) = rk(t0)e
−iωk(t−t0) − igwg
∫ t
t0
p(u)e−iωk(t−u)du
lk(t) = lk(t0)e
−iωk(t−t0) − igwg
∫ t
t0
p(u)e−iωk(t−u)du
Substituting these formal solutions into the solutions of
the cavity operator, one eventually finds
p˙ = −iωcp(t)− igwg
(∫
rkdk +
∫
lkdk
)
− iΩS−
= −iωcp(t)− igwg
(√
2piainput(t)− 2ipigwg
c
p(t)
)
− iΩS−
= −iωcp(t)−
2pig2wg
c
p(t)− igwg
√
2piainput(t)− iΩS−
= −iωcp(t)− κ
2
p(t)− i
√
cκ
2
ainput(t)− iΩS− (18)
whereby
ainput(t) =
1√
2pi
∫
rk(t0)e
−iωk(t−t0)dk (19)
is the right propagating input field. There is
no input field propagating to the left, hence∫
lk(t0)e
−iωk(t−t0)dk = 0. Similar to the results
obtained in Reference [1], one can see from equation
(18) that the infinite waveguide degrees of freedom can
be effectively integrated out. As shown in Reference [1],
the dynamics of the overall system can then accurately
be described by incorporating an additional Lindblad
term to the master equation∑
ν
(
2OνρO
†
ν −O†νOνρ− ρO†νOν
)
(20)
with
Oν =
√
κ
4
p, ν = ± (21)
where ν distinguishes the right- and left-propagating
fields. This additional Lindblad term
κ
2
(
2pρp† − p†pρ− ρp†p) (22)
describes the cavity decay into the guided modes. In a
frame rotating at ωL the master equation then eventually
becomes
dρ
dt
= − i
h¯
[Hrot, ρ] + γp
2
(
2pρp† − p†pρ− ρp†p)
+
γe
2
(2S−ρS+ − S+S−ρ− ρS+S−) (23)
where
Hrot = Hatom +Hcavity +Hcoupling +Hd (24)
with
Hatom = h¯ (ωe − ωL)Sz = h¯δeSz (25)
Hcavity = h¯ (ωc − ωL) p†p = h¯δcp†p (26)
Hcoupling = h¯Ω
(
pS+ + p
†S−
)
(27)
Hd = h¯Fp† + h¯F¯ p (28)
Numerical evaluation
The first and second order correlation function can be
evaluated using the steady-state (t→∞) density matrix
ρss which is determined by dρ/dt = 0. We can deter-
mine the steady state solution by evaluating the master
equation in a pre-defined basis
{|g, 0〉 , |g, 1〉 , |g, 2〉 , . . . , |g,Nex〉 , . . .
. . . |e, 0〉 , |e, 1〉 , |e, 2〉 , . . . , |e,Nex − 1〉} (29)
which consists of the ground (g) and excited (e) states
of the emitter and a certain number of cavity excitations
such that the maximum number of excitations in the sys-
tem is Nex. If the emitter is in the ground state this
means that the cavity can have Nex excitations, while
the cavity can only have up to Nex − 1 excitations if the
emitter is in the excited state. So for Nex excitations,
the total number of basis states is Nb = 2Nex + 1. These
states will be numbered by {|b〉 , b = 1 . . . Nb}, such that
{|1〉 = |g, 0〉 , . . . , |Nex + 1〉 = |g,Nex〉 , . . .
. . . |Nex + 2〉 = |e, 0〉 , . . . , |2Nex + 1〉 = |e,Nex − 1〉}
(30)
In order to solve the system, we recast the elements of
the density matrix ρssαβ , α, β = 1 . . . Nb into a a column
vector of length N2b , i.e. V
ρ
j , {j = 1 . . . N2b } and build up
the Liouvillian superoperator Lρ, which is the (N2b ×N2b )
8matrix representing all equations that determine ρssαβ , i.e.
N2b∑
j=1
LρijV ρj = 0, ∀i = 1 . . . N2b (31)
The density matrix elements ρss are now determined by
the eigenvector corresponding to the zero eigenvalue of
Lρ. [4] For all numerical evaluations we used a maximum
number of excitations Nex = 5, so the total Hilbert space
then consists of 11 basis states.
First order correlation function
The transmission (T ) and reflection (R) coefficients
are determined by the first order correlation function
g
(1)
R,T
g
(1)
P =
N2b∑
m,n=1
ρssnm〈m|a†PaP |n〉, P = {R, T } (32)
with
aP = aiP + ψp, a
i
P = aINδPT , ψ = −i
√
κ
2c
. (33)
such that
T = g
(1)
T
a2IN
, R = g
(1)
R
a2IN
. (34)
The combination of the matrix elements 〈m|a†PaP |n〉
and ρss (calculated using the Liouvillian superoperator
method as described before) fully determines the trans-
mission and reflection coefficients (and of course should
give the same outcome as the Heisenberg equation anal-
ysis).
Second order correlation function
The steady-state second order correlation function
g
(2)
R,T (τ = 0) for the reflected and transmitted field is
determined by
g
(2)
P (0) =
∑N2b
m,n=1 ρ
ss
nm〈m|a†Pa†PaPaP |n〉(
g
(1)
P
)2 , P = {R, T }
(35)
Analytical approximation
We derive an approximate analytical formula for g
(2)
R,T
by limiting the Hilbert space to only 5 possible states,
i.e. the maximum number of excitations in the system
is Nex = 2 such that the possible states are {|1〉 =
|g, 0〉 , |2〉 = |g, 1〉 , |3〉 = |g, 2〉 , |4〉 = |e, 0〉 , |5〉 = |e, 1〉}.
For notational simplicity we note ρss = ρ furtheron. Us-
ing the earlier introduced notations, the numerator of
g
(2)
P (0) (P = {R, T }) is then
|aiP |4 + 4|aiP |2<
(
aiPψ
(
ρ21 +
√
2ρ32 + ρ54
))
+ 2
√
2<
((
aiP
)2
ψ2ρ31
)
+ 4|aiP |2|ψ|2 (ρ22 + 2ρ33 + ρ55)
+ 4
√
2|ψ|2<
(
aiPψρ32
)
+ 2|ψ|4ρ33 (36)
Similarly, the denominator is given by the square of
g
(1)
P = |aiP |2 + 2<
(
aiPψ
(
ρ21 +
√
2ρ32 + ρ54
))
+ |ψ|2 (ρ22 + 2ρ33 + ρ55) (37)
In the weak probe limit we assume a sufficiently small
coherent driving strength F such that the expansion
coefficients ci (i = 1 . . . 5) in the wavefunction |Ψ〉 =∑5
i=1 ci |i〉 are c1 ≈ 1, c2,4 = O(F ) and c3,5 = O(F 2).
This means that the cavity-emitter system is mostly in
the groundstate ρ11 ≈ 1 and that the one-excitation
(2,4) and two-excitation (3,5) states are appropriately
described by terms up to order one or two in F respec-
tively. As such we only keep terms up to order F for
ρ12, ρ14, to order F
2 for ρ13, ρ15, ρ22, ρ2,4, ρ44, to order
F 3 for ρ23, ρ25, ρ3,4, ρ45 and to order F
4 for ρ33, ρ35, ρ55
in the master equation. The transmission and reflection
coefficients are then determined by P = g
(1)
P
|aIN |2 . For the
transmission this means
T ≈ 1 + 2|aIN |2<
(
aiT ψρ21
)
+
|ψ|2
|aIN |2 ρ22
= 1 +
2|ψ|2c2
F 2
<
(−iF
c
ρ21
)
+
|ψ|4c2
F 2
ρ22
= 1 +
κ
F
= (ρ21) + κ
2
4F 2
ρ22
while the reflection coefficient is given by
R = κ
2
4F 2
ρ22 (38)
Introducing the density matrix elements as calculated by
the simplified master equation yields the same reflection
and transmission coefficient as the one obtained through
the Heisenberg equation analysis, which serves as a sanity
check of the applied approximations. In a similar way the
g
(2)
T function is determined by
g
(2)
T (0) ≈
1
T 2
(
1 +
2κ
F
= (ρ21)−
√
2κ2
2F 2
< (ρ31)
+
κ2
F 2
ρ22 +
√
2κ3
2F 3
= (ρ32) + κ
4
8F 4
ρ33
)
(39)
9and g
(2)
R is given by
g
(2)
R (0) ≈
κ4
8F 4R2 ρ33 =
2ρ33
ρ222
. (40)
The calculation of the density matrix elements ρmn is
straightforward but tedious and can be done with Math-
ematica. For non-zero detuning and δe = δc = δ the
second order correlation function in transmission is given
by
g
(2)
T (0) =
{[
(4Ω2 + γeγp)
2 + 4δ2(γ2e + γ
2
p − 8Ω2) + 16δ4
]×[
256Ω8 + 128Ω6
(
γ2c + 2γc(γe + κ)− 12δ2
)
+ (γ2c + 4δ
2)2(γ2e + 4δ
2)((γe + γp)
2 + 16δ2)+
8Ω2(γ2c + 4δ
2)
(
γeγc(γe + γp)(γc + 2(γe + κ)) + 4δ
2(γc(3γe − 4κ)− (γe + κ)(3γe + 2κ))− 96δ4
)
+16Ω4(γ2c (γ
2
c + 2(γe + κ)(3γe + 2κ) + γc(6γe + 4κ)) + 8δ
2(γ2c − 5γcγe + (γe + κ)(γe + 2κ)) + 208δ4)
]}
/{(
(4Ω2 + γeγc)
2 + 4δ2(γ2e + γ
2
c − 8Ω2) + 16δ4
)2
(16Ω4 + 8Ω2(γp(γe + γp)− 8δ2) + (γ2p + 4δ2)((γe + γp)2 + 16δ2))
}
(41)
while in reflection we find
g
(2)
R (0) =
[(
4Ω2 + γeγp
)2
+ 4δ2
(
γ2e + γ
2
p − 8Ω2
)
+ 16δ4
] [(
γe (γe + γp)− 4Ω2
)2
+ 4δ2
(
16Ω2 + 5γ2e + 2γeγp + γ
2
p
)
+ 64δ4
]
(γ2e + 4δ2)
2 [(4Ω2 + γp (γe + γp))2 + 4δ2 (γ2e + 2γeγp + 5γ2p − 16Ω2)+ 64δ4] .
(42)
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